Un-gated thermionic cathode RF guns are well known as a robust source of electrons for many accelerator applications. These sources are in principle scalable to high currents without degradation of the transverse emittance due to control grids but they are also known for being limited by back-bombardment. While back-bombardment presents a significant limitation, there is still a lack of general understanding on how emission over the whole RF period will affect the nature of the beams produced from these guns. In order to improve our understanding of how these guns can be used in general we develop analytical models that predict the transmission efficiency as a function of the design parameters, study how bunch compression and emission enhancement caused by Schottky barrier lowering affect the output current profile in the gun, and study the onset of space-charge limited effects and the resultant virtual cathode formation leading to a modulation in the output current distribution. * jedelen@fnal.gov †
I. INTRODUCTION
Electron beams for use in the next generation of light sources are predominately created by photocathode radio frequency (RF) guns [1, 2, 3, 4] . While photocathode RF guns are considered to be a reliable source of high-quality beams, they require high-average-power drive lasers which tend to be large, expensive, and operationally labor intensive. Additionally, these guns require the use of high-quantum-efficiency cathodes that typically have a limited lifetime (e.g. hours to days) and require frequent replacement and/or rejuvenation [5, 6] . These issues could be avoided by using thermionic cathodes which are robust and long-lived [7] . Because the current emitted from a thermionic cathode depends on its temperature (which cannot be rapidly changed due to the cathode's thermal mass), emission is typically gated using a control grid [8, 9, 10] . While they are effective for this purpose, these grids tend to degrade the transverse beam emittance, especially at high current.
Techniques for laser gating, where a laser pulse is used to heat the surface of the cathode and produce thermionic emission, have also been investigated [11, 12] . For high currents this technique becomes impractical, as the cooling time of the cathode surface will be longer than that of a single RF period. A scheme where the emission is gated by the RF gun cavity field alone is attractive because in principle it allows for unobstructed increase in beam current without degradation of the transverse emittance. Additionally, it would not require the use of high-power drive lasers and supplies consistent, reliable emission from a long-lasting source.
One complication of this approach is that electrons are emitted continuously over the RF period. As a result the beam often requires further compression, for instance by an alpha magnet, before being injected into further acceleration stages [13] . Additionally, some electrons emitted late relative to the RF will not gain enough energy to exit the cavity and will be accelerated back to the cathode [14] . These back-2 bombarded electrons can have adverse effects on the machine performance [15] and even damage the cathode [16] . The understanding of back-bombardment as a limitation for these guns has been extensively studied, and many back-bombardment mitigation techniques exist. However, there is a dearth of understanding about how emission over the whole RF period will impact the beam properties for this class of electron sources. Because the electrons are accelerated in an RF field from near rest, particles emitted early in the RF period will see a large time-varying field and will subsequently undergo significant bunch compression compared with particles emitted later in the RF period [17, 18] . This will lead to a nonlinear current profile along the beam [19] . A further complication of the RF field on the cathode is that increased emission due to Schottky barrier lowering will impart an additional nonlinearity onto the emitted current that cannot be compensated for downstream. These uncompensated current nonlinearities can result in stronger CSR forces in compression chicanes [20] leading to further reduced performance. Additionally, the onset of space-charge-limited emission will introduce a virtual-cathode-like depression which can modulate the field on the cathode, resulting in a highly structured beam being emitted from the gun.
In this paper we seek to characterize, in a general sense, the nonlinear current profiles produced by these types of guns and examine how the geometry, field, and injected current impact the output current of the beam. This begins with an analysis of the transmission efficiency of the gun, followed by a discussion of the effects of bunch compression and Schottky barrier lowering on the output current profile.
Finally, we discuss the effects of increasing the current to the point of being spacecharge-limited and how this will impact the output beam profile. For simplicity, the class of guns considered in this paper are all single-cell, with gap length being treated as an adjustable parameter.
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II. TRANSMISSION EFFICIENCY
Before attempting to understand the details of the beam profile we first investigate how much of the emitted current we can expect to extract, the transmission efficiency, for various design parameters. In order to estimate the transmission efficiency we calculate the boundary between particles that are back-bombarded and particles that are transmitted through the gun. This is accomplished using the effective transit time of particles in the gap defined by t transit = λ αv eff [14] , where v eff is the effective velocity given by v eff = c 1 − 1 +
, λ is the RF wavelength, α is the fractional gap length where L gap = λ/α, E peak is the peak field in the cavity, m 0 is the electron mass, and c is the speed of light. The boundary between particles that are emitted and particles that are back-bombarded is defined as t bb = τ /2−t transit /2 [ibid], where τ is the RF period. Taking the ratio of the back-bombardment boundary to the total emission time, 2t bb /τ , yields the transmission efficiency given by Equation 1.
Note that Equation 1 assumes that all particles either exit the gun or strike the cathode within one RF period. In order to assess the validity of Equation 1, we numerically computed the extraction efficiency using a 1-D particle pusher for guns with a frequency ranging from 650 MHz to 3.9 GHz, a peak field ranging from 1 MV/m to 160MV/m and a value of α ranging from 3 to 14. Here α = 3.33 is typical for photocathode-guns with a long cathode cell to perform emittance compensation and α = 14 is approaching the upper limit of where guns can be practically manufactured at these frequencies. Allowing the peak field to increase above the break-down limits gives asymptotic estimates for the transmission efficiency. Across this range of gun designs, Equation 1 predicted the extraction efficiency to within 9% RMS. Here we see that the analytic model is slightly over predicting the influence of the gap length on the transmission efficiency. In spite of this, the relative shape of Equation 1 agrees well with the simulations.
III. CURRENT DISTRIBUTION RESULTING FROM BUNCH COM-
PRESSION
While the transmission efficiency is a useful metric for gun design we are most concerned with the fine structure of the output current profile produced by this class of guns. Because of the nonuniform acceleration (time varying field), electrons emitted early during the RF period will take longer to accelerate than electrons emitted closer to crest. This will result in bunch compression that varies throughout the RF period and will ultimately introduce nonlinearities in the output current distribution. While this process has been described in detail for photocathode RF guns [17, 18] , it has not been fully characterized for a broad range of thermionic RF guns. In order to better understand how bunch compression will affect the output current, we examine the output phase of electrons produced in the gun as a function of the input phase [18] :
Here
where k = 2π/λ, φ 0 is the injection phase, and z is the longitudinal position along the gun. For a single cell gun with a fixed geometry we can make the substitution z = λ/α and then reduce Equation 3 to an expression that is only a function of the gun parameters and the input phase, Equation 3 .
Taking the derivative of Equation 3 with respect to the input phase results in an expression that describes the level of compression present for a given input phase,
. This is similar to the bunch compression factor derived for photocathode RF guns [17, 18] with the key difference that it is generalized for different cathodecell gap-lengths. Additionally Equation 4 only describes the beam at the exit of the cathode cell (i.e. it is not asymptotic)
The current distribution along the bunch will scale inversely to the bunch com- In order to remove these for visualization purposes and for comparison, the phase on each curve is shifted such that the maximum current appears at an input phase of zero. Additionally, the vertical scale was restricted to see the peak at the head of the bunch and the tails. As we will see later, these results are consistent with simulation results. Figure 2 shows that as the field in the gap increases, the peak in the current becomes more prominent and the current at the center of the bunch becomes more uniform.
FIG. 2:
Current factor as a function of input phase for several values of peak field. For these curves α was set to 3.33 In general the theory tends to exaggerate the impact of both peak field and α. While bunch compression introduces a significant nonlinearity in the beam current distribution, the Schottky effect plays an equally significant role in the current profile and can greatly increase the nonlinearities in the current distribution.
IV. EFFECTS OF SCHOTTKY BARRIER LOWERING ON CURRENT DISTRIBUTION
Schottky barrier lowering will have two primary effects on the output current:
first is it will increase the average current, and second is it will modulate the cathode emission during the RF period embedding the RF waveform onto the emitted beam current profile.
In order to understand exactly how this manifests itself we examine the Richardson-
Dushman equation in the presence of transient RF fields (Equation 5). In this section
we assume that the space-charge field is negligible and therefore the field on the cathode is determined completely by the applied RF field.
Here J emit is the emitted current density, A is an emission constant, T is the cathode temperature, W is the cathode work function, q is the electron charge, 0 is the permittivity of free space, and k b is the Boltzman constant. Figure 6 shows the emission curve of a thermionic cathode as a function of phase for several values of peak field. Note that for this figure the design (i.e. zero-field) output current was 100 mA. Even when the field on the cathode is as low as 10 MV/m the peak emission was three times greater than the design current.
FIG. 6:
Emission curve as a function of phase for several values of peak field with a design current of 100 mA.
One can estimate how he Schottky effect will alter the average emitted current by integrating Equation 5 with respect to φ. However, because the integral cannot be solved analytically the average current can be approximated by substituting the average field in the gap, E ave , for the time varying field in the gap, E peak sin(φ).
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Here E ave = 2E peak /π. For a temperature range from 1000 K to 2000 K and a field range from 1 MV/m to 100 MV/m, the root mean squared error between numerically integrating Equation 5 and using the average field for computing the average emitted current, was 5%. If one uses the peak field in the gap to compute the average emitted current, the calculated average emitted current will be off by a factor of two from the true average emitted current, on average. In order to ensure an accurate estimate of the average emitted current from this type of gun one should use the average field on the cathode to account for the Schottky effect. This can be combined with the transmission efficiency defined in Section II to estimate the average output current of the gun for a given design.
In order to understand how the time varying emission enhancement will impact the current distribution, we combine Equations 4 and 5 by treating the bunch compression factor as a transfer function on the emission, Equation 6 .
This will take into account both the bunch compression and the time varying emission enhancement due to the Schottky effect. Figures 7 and 8 show example current distributions using Equation 6 for a constant peak field and constant α respectively.
As with Figures 2 and 3 , the current distribution is given as a function of the input phase.
Figures 7 and 8 give some understanding of the relationship between the current distribution and the peak field as well as the gap length. Figure 7 shows the somewhat trivial results that as the peak field increases the magnitude of the emission enhancement also increases. Figure 8 shows the relationship between the output current distribution and the gap length. It is expected that as α increases so will the amount of the RF curvature seen in the output beam as there is less overall Figure 9 shows that as the peak field increases, the output current tends to more closely follow the RF waveform. This can be explained by the fact that the variation in the emitted current dominates over the bunch compression. From Figure 6 we can see that for a gun with a peak field of 40 MV/m the emitted current will vary by a 13 factor of two between 30 and 90 degrees while the bunch compression in this regime only changes by about 10%. Additionally, as the peak field decreases the shape of the output current tends to follow the curves shown in Figure 4 more closely indicating that in the lower field regime bunch compression plays a larger role in determining the output current. Figure 10 shows that as the gap length decreases we see more of the RF waveform in the output current. This is again due to the fact that there is less energy gain from the shorter gap and therefore bunch compression is less significant, allowing the emission enhancement effects to dominate the output current distribution.
V. SPACE-CHARGE EFFECTS
Sections III and IV have shown that due to emission occurring continuously over half the RF period there will be significant nonlinearities introduced in the output current distribution caused by both bunch compression and Schottky emission.
When considering the class of guns for high current application it is important to also understand how the presence of significant space-charge effects will impact the current distribution. The onset of space-charge effects is first seen by Coulomb repulsion decreasing the net effect of bunch compression. This is followed by the space-charge field partially cancelling the field on the cathode thereby reducing the effect of emission enhancement on the output current. As the intensity of space-charge increases the gun eventually becomes fully space-charge limited resulting in the formation of a virtual cathode. Virtual cathode oscillations will modulate the field on the cathode leading to modulation of the emission. The combination of the virtual cathode and velocity bunching caused by low fields on the cathode results in a current modulation on the output beam. In this section we will characterize the effect of space-charge beginning with the initial onset of space-charge, followed by a transition regime where 14 the space-charge forces are significant and greatly impact the current distribution, to the fully space-charge-limited regime.
A. Overview of simulations
The simulations for this section were all performed using SPIFFE [21] . SPIFFE is a 2.5-D particle-in-cell electromagnetic field solver. The simulations were performed using an RF field with super-gaussian (Equation 7) longitudinal profile which serves as a good approximation of most RF cavities.
The simulations were all performed at an RF frequency of 1.3 GHz with an applied external magnetic field of 1 T. The external field serves to remove transverse motion from the simulation in order to concentrate on longitudinal space-charge effects.
B. Onset of space-charge effects
We begin to see the effects of space-charge at relatively low currents. Figure 11 shows the current profile for an average injected current increasing from 100 mA to 1A. For comparison purposes each curve is normalized to its respective peak. Here we see that while the relative peaks in the current distribution do not change the relative minimum at the head of the bunch does. This indicates that the field generated by the space-charge is not enough to significantly reduce the field on the cathode and thereby reduce the impact of emission enhancement, but it is large enough to have an effect on the output current. This change in the minimum can be explained by a reduction in the effective bunch compression caused by Coulomb repulsion between the "slices" in the beam. At higher current the longitudinal profile of the beam will be less affected by strong bunch compression forces resulting in a slightly more uniform current profile.
FIG. 11:
Effective current as a function of output phase normalized to the peak current for several values of average injected current ranging from 100mA to 1A. For these curves E peak was 40 MV/m and α is 3.33.
As we increase the current, the fields generated by space-charge become significant enough to cancel out the field on the cathode and therefore reduce the impact of emission enhancement on the output current. Figure 12 shows the effective current as a function of output phase for injected currents ranging from 5 A to 50 A. Here we see that as the current increases the peak at the center of the current profile resulting from the Schottky effect becomes less prominent which is consistent with a reduction in emission enhancement shown in Figure 9 .
These effects are confirmed by inspection of both the space-charge induced field on the cathode and the total field on the cathode as a function of phase during the simulations, Figures 13 and 14 respectively. SPIFFE allows for the saving of spacecharge fields separately from other fields in the simulation, thus allowing us to study the space-charge field separate from the total field on the cathode. For currents less FIG. 12: Effective current as a function of output phase normalized to the peak current for average injected currents ranging from 5A to 50A. For these curves E peak was 40 MV/m and α is 3.33.
than 1 A the field on the cathode due to space-charge is too small to have a strong effect on the emission enhancement. As the current increases however the spacecharge field begins to significantly cancel out the applied field on the cathode. Note that space-charge induced field on the cathode is not a pure sinusoid. Therefore we can also expect some change to the shape of the current caused by a change in shape of the emission enhancement away from a pure sinusoid.
C. Intense space-charge effects
As the injected current increases we anticipate a continued suppression of the emission enhancement effect until we begin to see the onset of space-charge limited emission. In DC guns, space-charge limited emission is accompanied by the formation of a virtual cathode depression causing some electrons to be reflected back to the cathode. As this injected current increases, we begin to see a modulation of the virtual cathode [22] . In RF guns we expect to see a similar virtual cathode depression forming especially at very high currents [23] . In order to study how the onset of space- charge limited emission will impact the output current we increased the injected current from 50 A to 1000 A. Figure 15 shows the output beam current as a function of phase as the gun transitions from the regime where space-charge canceled some of the emission enhancement effect to the regime where emission is fully space-charge limited. Figure 15a shows the initial onset of space-charge limited effects that brings with it a modulation in the beam current profile. This structure is caused by virtual cathode oscillations described in detail later. Figure 15b shows the gun becoming fully spacecharge limited as the injected current increases but the envelope of the transmitted current no longer increases proportionally to the injected current. Additionally, as the injected current increases the modulation in the output current profile continues to become more pronounced. Figure 15c shows the gun becoming fully space-charge limited with no change in the envelope of the current profile, but there continue to be subtle changes in the intensity and frequency of the modulation on the output current.
When the injected current is well above the space-charge limit this results in a virtual cathode and the formation of virtual cathode oscillations. These oscillations will modulate the field on the cathode which will in turn modulate the emission. The modulation of the emission will create an initial bunching of the beam. Additionally, the rate of acceleration off the cathode will be small due to the low fields on the cathode. This will result in a ballistic bunching that correlates with the field on the cathode as seen in Section III. Because the longitudinal space-charge field decays quickly into the gun, the net acceleration is only partially affected but there will be some energy modulation on the output beam correlated with the current modulation.
To illustrate this point we computed the difference in final energy as a function of phase between simulations with high current and the 100mA simulation, Figure 16 . Figure 17 shows the field on the cathode as a function of phase during the emission period of the gun as the current increases from 50 A to 1000 A. Figure 17a shows the initial onset of space-charge limited effects with the a very clear oscillation in the field during the first half of the emission period. As the space-charge intensity increases this oscillation becomes more prominent and begins to dominate, Figure   17b . Once the gun is fully space-charge limited we see an oscillatory field that has a frequency and amplitude which are dependent on the injected current, Figure 17c .
This modulation of the field on the cathode will correspond directly to a modulation in the output current as the cathode will not emit when the field is less than zero. This can clearly be seen in the emission log from each of the simulations. Figure 18 shows histograms of the cathode emission beginning in the emission enhancement regime through the onset of space-charge effects and in the presence of fully space-charge limited emission.
Here we can clearly see a modulation in the emission as the space-charge limit is approached. Note that there is a DC term in the emission log. This is due to the fact that thermionic cathodes will emit continuously even if beam is not accelerated off the cathode. Therefore when the field is negative we see emission corresponding to the average current injected into the simulation. If this modulation in the field on the cathode is a result of virtual cathode oscillations we would expect to see oscillation in the potentials near the cathode surface. To verify this we examine the scalar potential at several positions near the cathode as a function of time during the simulation. SPIFFE does output the scalar potentials however due to the simulation being on a finite grid it is difficult to obtain a uniform charge distribution while keeping the simulation computationally tractable. As a result the potential fields contain a large amount of numerical noise. The space-charge field however had significantly less noise. In order to compute the scalar potentials we used a moving average on the longitudinal field due to space-charge, then integrated to find the scalar potential at each point. The total scalar potential was then computed by adding the RF potential and the space charge potential. Figure 19 shows the scalar potential at several fixed locations very near the cathode as a function of phase during the simulation.
Here we see the clear formation of oscillations in the potential field near the cathode as the space-charge intensity increases. Figure 19a shows that for a rela-20 tively low current, the scalar potential does reach a local minimum with some small oscillations. As the space-charge intensity increases the oscillations become more prominent, Figure 19b . Finally when the gun is fully space-charge limited we see very clear oscillations that mimimc the relaxation oscillations typically observed in DC guns [21] . Next we computed a histogram of the particle positions in the simulation weighted by their momentum at each time-step in the simulation for the 1 kA case. The observation of a local minimum in the histogram near the cathode indicates the formation of a virtual cathode. Additionally oscillations in the position of this minimum confirms that we are seeing a virtual cathode oscillation. Figure   20 shows the location of the local minimum in the histogram as a function of phase during the first half of the RF period.
Here we see a very clear oscillation in the location of the local minimum during the simulation. Unfortunately, due to the large external fields the location of the potential depression is very close to the cathode. In order to resolve this in simulation to show conclusively that we are seeing virtual cathode oscillations very high resolution simulations are needed which require extensive computational resources.
A more detailed investigation focusing on this behavior should be explored in the future.
VI. CONCLUSIONS
This paper has increased the general understanding of how continuous emission in a thermionic RF gun will result in nonlinearities in the current distribution that cannot necessarily be compensated for down-stream. This represents a significant step forward towards understanding the fundamental limitations of these electron sources and how they can be applied to the next generation of accelerators. We have developed analytical models for the transmission efficiency and shown good 21 comparison with simulation. Additionally we have characterized how different peak fields and gap lengths will affect the current distribution both through field enhanced emission and through bunch compression. Finally we have shown in detail how the onset of space-charge limited effects will impact the output current of the gun and how the onset of space-charge limited emission brings with it the formation of virtual cathode oscillations and as a result a modulation in the output current. Follow on studies will investigate how these current distributions evolve in multi-cell guns as well as how this longitudinal beam profile will impact the emittance produced by these guns. 
